
Bs jCE 21  /W lJ
Jerusaleo, 2t-2? V'drc}] 1992

N.A. Nechval

Department of Control Systems
Ailat lon UdversltY of Riga

1, tononosov stteet
226A19 Rlea

T,atvia

,udl  of  raalar return. f ron blrals ls an lnterest ing buit  ra_
0eaiected area of DractIcaI importance to redel '  operal t lonst
az;rd of col l ls ion; bebwaen bl id€ snd slrcraft '  and envlron-d | | v o r r w r q U ! : " : - . . . : : - . .

.  honitor ine. as weII  as to th '  subJect of orni thology 1!-
The abuniai i  radar rat lu"ns from blrds shoul i l  nol t  always be
d-t;; ; i t- ; ;  "p*io"" " ign.r" to be el iminated fron sufl 'ei-
"ad; 'ai"; iay;, but as iseful. s18ns1s bo be ro3ale available

"t:.iiii-i" Lttitine bico haz;ro' anal ln environm"ntaf
.  Th ls "v iew,  howeve i ,  does  no t  seen to ,be ,w ide l t  accep-

voi uv "i4""-" i ' tsin"ers. 'Tcabs have shown that rada-e re-
i 'on l irai cin-t! reia.iry aist ingurshed from rsalar ret\uns

li ie" a"J e,ircrart.-T7i bh exieriencer 9n observer can
large bird6 fron snalI birds endl perhaps naKe. loore

in"ti ir".-rrrl"-prper is concernetl ; iLh the problem of
classlflcation of radar cluuter into one ot sevFcai

. in"i,.tait i-Jtu" ""e birds, bats' insects' weather' and
ises, as "i11 as th. coTruiting bsckgrounal noisc' The
n be sepa.rated into bwo oirts. The first part' the pro-
a on tr ire, i :  to dpcide $hether the recel1,ed signal ie
,us noise (corresponding tc' the pre€ence of any of va-
t of radai clutter corrupted bJ fhe Deckground nolser

e (co;resDondinfl  to Lie preience of r,da' cfutter-";;";pat;g 
u"c[erouna n6ise onrv)'  Noise is. assuoed

but"whoie cov;rlance roatrix is totally uDknown'
ls the dlscrininaltion be{tween v€rious lt}'pes of

corruDted bv bhe backRround noise, 1.e'  c lesslclca-
clutt 'er int6 one of s6veral  catAgo-ics. A solut lonclutter into one of sevenal catAgo"aas.
o hes been Dresented in Nochval ( '19911 snd w111 noE
further.  Raitar detect ion procet iures involve the co-
,e recelveal slgna1 enpll-tuae to a iihreshold. The te-
;6il In thts piper al-1ows one to flnd a detectlon
'ach:Leves a ;oistant false-s1srn xate (CFAR) in the
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ty changes 1n the noise backgloud.
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,1. INTRODUCTION

Itr,'til iir!ii3"ri{ii.i;:l::i:.i lill::i$illl-?fi "il"i::lt,it' che i r  pos i t i ona l  coo r0 r  na t r s '  , ' ,  " '  i l 1 { * ' - ' : ; ; : :F l  - . " i  ' . , " " t ea  : ,

il;i:"i:'::;:;:, ;;:i'lrl.i: -:1.;;".'";,--,?:*il:.'1"!s::lilii "
:l:"1:[:.;:.::: ::i^:i:Ei ;^:;. ::l'**.I1.], ""r11!i.:!ii;:!iit",
:? , i  i ; : ; : "  

" ,  
"u , r - ,oor ica t ion .  i " ; ; ; " ; , " ih '  carseE prcL jcs r r : '

"i*.r "'"i""", . t" to r "-a ba-k6'6' r'' r-i:H:5 !T?,ii:'- 
tF,l"i,:lilt"'-

:;: T3::iil"":i"R3="i;"i:.3;,"! ":l;i;i":;"ll'iiil:';l{ ti3;?rl.
L o  v a r l € b i o n s  j n  t i E e  a n r  p o s r r r o ! ' r L r f , -  r q " l  

i l - i i r ' i  i  a o t . i t t o n

:i::ii"ii:ti::i;a"li:ll'::';"':::::i:fi":' ;: i.:':::lt, :i:!i:i'-
io" ii.,.,. r n o rd' r to. ob b " i n. ,^;";i'ff *r:;"*"",*itiil l5S"::::"
r  cert  aln environmeni '  oelanea
cel l  nust b '  ana-LYzeo '

U . . . 1 l u  t h '  b . 1 c k g r : o u n i l  T o f l e c  ; o r s '  L r n d a s L ' e d  a s  L h e t  _ a r o  - r o r

b h c  . : t a n d p o i n b  o r  o a r e c l -  | o n ' ' - [  i i ' " r i i t e ' - " " "  d ' n o l ; d  b J - . l l I ' ' '  " " :

;i:'iiiilt;?*[ l: ;:;";;;:c"';1"'ii';lEl"].'li,ii:;li;'l;;]iii"'
ov^r rh . r,nt: -. o. vLronm--1. .;rl:1":;:":i:ti:"1;"u":^i9:1",33r,,
i ; l: ' l ' l l iJ, 

" -3!"n: lol;;"' i i:; 'n;"r! 'oin,i "'; r"" io""'

Ii riiiilsi+ lqxifii-, ilii:iii!;::iii.iii{J":ii:ili*i;::i,fr:'"
.m  l l  c l ouds  o r  o th ' -  ra l tFo r^ r ' 11 : :1 - : : : " : . " . : -  i r .  " " " " " . ^ i  , r a t "

!i;i':'$iI:i;p";;i,:l;;:";.i;;q;.ni:: l:-!"llil::ii;i!F.:".,,
;fl::ril ";:;i.lj'i:!:::irl'j;";ij"txfll:",j,r* t!.:':il:;I"
::: i"; ' :.": ' l : . 3i tH"l :19.-. ; '  r,o"i;.1,'"i"""' ono sp'"t ' ' l
: c : r F J r . .  r a t n .  !  : ' r . n  E ] ^ y - r r  ' -  s u D o r e s s  a n d  i S n o r o  i h ' m  a c  0 n

; ..r y, "E",j --.: ie.:l r":s:llj r:i ;i ';T.ii;":';::,t,"1 
"t:'lt,lr:;"

: :H; i " ; :  9 i ; : ; : r ; '11 ' I f l l  ̂  i ; i -  
'  

; i " " i . r - ""  ' i "o ' rnr  "cea '  'h6 ord-

ral i  observation space '

11.'" l':1"" I: .l ig;li,?. :$ ;;.,i,11*:,.;;iii;:-;liit�=;*,.ii:;' ; i1 '"{ .  "- i -1. ,9:"} iU.; l i : : ; i ' ;  ro '  -1 '  1-}1ia,31- ' t ; ' '

l'l:::":lffi",iliil:ii:|, lilii:!*l liiri"lf, ;"i:::l:l'ii,:fi Hii,
ini;:limrii'ri'}i'li:B.i.;l?lil*:";*=!:ti:*':; 

ruiri'ea ir
- .  -  -^r^r  ^rsr- , r ,  h- ' .  1 , " : . ' ; : . -  ;  .  .  j : t  ]1 , .  " : "1. ; i l i i . !1 , ,
; ; " : i ' " " " i , ' l i : ,  ; : ' ; : ; i , " i I  ,  - '  - ' ,  r ;1 ' ,  a 'onstanL' .  t r  ccshor ' j

i#.*"*:li;it":":i:r ::"';:;" l:*I'iii"l;i: ;l"tf;-illrul

' l i ty is acbieve
iIirl'or.ir'.il16 L e1"v '
c i  i l_r.a i lo i  se-c i
A1e aclrusl lY ui
l ;he aval ielr le a
iis ir a:?]):Joxr'niti

I i l  :1 ionl ioDoS:r
pol j ! :  r  l fer ics 1r
i  c o u s t e n i , : i : r 1 t
I n  o r d e r ' l j o  n a
n e c ! s g a ' : ) :  ; o  L l -

vr.rlr ili rrci ai e

' lh i !  fapcl '  rc
cnt i  ol  oi  rrad a:
nr;r i )o1n'r  blrds
,.,Je.i1 i:r:J tbe col
la!ed i i l l ro t 'no
r c ,  i . s  , f o  d e c i
n o 1 s e  ( . o r r r e s p
rsd-ar clut le]r
(  corr 'espondlng
couupt i ig bac
an, brrt  lvho s e
part  1s the dl
co 11t lPte.1 oir  1,
oluttor into o
b a t s ,  i n s e c t s ,
na1 is a s18na
fornal ized as
u61i i1 fealture
ples lnj to a se
fron the r-- f  le
vorsion of Bru
l l a y k i n ,  1 9 8 9 ) .
spcctral  1D.f  or
transforroed ar
r iate Gaussiar
f r o m  c l a s s  t o
1 1 A o l L e  d e c l s l c
the above feat
been preseni iea
t h e r .

The purpose ol
fows one to f l

in the noise t
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dependent and
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followj-ng h)'p(

I tO (the no:

t2a



i s  b o  d e -
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I i  : i  . r r r  r l r : r : , t . : .  , : : ,a_ . . - . ,a ,  
a r , rs i j

! r i r a r  i r - .  - -  r  : r r  , ! r , r - - . . . . .

2 ,

i*!;,X$' ;*iilii:i's:iyirii:!r*-:i":ir:$;i:"i;i:rr:ri,,:r"-
t0 (the nolse-alone hJpothesis):
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z(1)  = z ' (1)  =  (z i ( i ) ,  " '  ,z i ( i ) ) ' -Ne(o 'Q) '  1=1(1) ! t '

where Q is the unknown covarl-ance natrlci

H1 (the sl-8n41-p1us-noLse trtrrcotheols):

z ( r )  =  zo  ( r )  +  bs ( l ) ,  1=1 (1 )n '

tvhere Zo(i) is the veclro! representlng a1l sources

plocesses t

s  =  ( s ( 1 ) '  . . .  ' s ( n ) )

(2 )

of nolse-onlY

colresPonillng

1

2 5 t  " -  | 4

l q l  I  o
( z ( 1 ) ,

x n natr
fuDctloE,q c e

iio be the. r
t hes i s ,  t h€

of 6 deflr

is the slgoal patteln (an n-elelBent row vector) ' antl

( Ho = (b,Q)e

b  =  ( b l ,  . . .  , b p ) '

t: ;"!""",i1*x?3l"ir"lnr5l3x?,i'93:1":ll93il:'""
,. TI{E M.AXIIIUM l,IlG]'mooD R!{IO TES!

ih,iii*illil"iirif,il":il#u[iffi tltF-H't**il:t: (z) =

$x*ll,*i5*:illiiiif'ri:toi:*t niigtli*i: qiffi i*!"
i!"!"""it;' ; irue ir rt _exce€d";?.H:rlff e?:l?Tf,."Hiifii*.1
lif lti'::g'fl :;31:' 3? Ifl iiE"oll!;"i94, -l:-r;:.!i:-****l:9.n:l

e

= { , 0 ra)

{ o
1r.l

4

eer

naxl.ltrun

iiiiil ;il;Ti;;:-;; ;;';;i;d bv roplicrns the wrl''otrn
i-"'itt!ii il""i.* likellhood est l mators '

'-:i,fr #yH.l:-8:ili:$ ;i'::.:':ffill""i?"1"3*'93i"i'f 3i"l{'3
kellbood lat
s e t  g .  s i n c e

Q = E(  (z (  i ) -E(z (1)  )  )  (z (  i )  -E(z ( i )  )  )  
' )

is the unknown covailance matriK of randon vector z(l) fot

i i  ... ' i i '-;tt;"-ror the current probleo

o 4 { e=tt,ot,o=o}
and the l ikel lhood functlon ls

1

, rdv/z 1q 1n/2

f 4 j L<z<r ) - r (z ( r l ) ) '
E7

d'<r<rl-r<r<rl  l l ]
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a "  \ 1 )

' . :1-]

( a )

( 4 )

z  =  ( 7 j ( 1 ) ,  . . .

1s a ,-  r ;  ;  a. ,1, , ,  ,_, ,. j rar:  , l : rc. , : t .c: :  .

i L h , . r ,  i Q i : o i . . j  t ic . te:e1n].ar, , :  oi  Q aDd

1 v "  = 1 ( 0 , a ) : a : , o t  ,
- - '  = 1 '  " ) : : ' j .  L . ! ' I

' - 'he :nL{ irxrn I ik. i ihooi l  . r .qi io ! :e!r t
m a x  r t ( Z i 6 )

6 € i  o  ]

. z ( r ) )
r : :  ? . : t c r  i t . ; , r  Z (  j , \  : n l  t .  j

is ;,;;L r.. -, b;,

th?b !1,

t l r .n  f io

211;nP/2 1

1

(  8 )

i , . , r o ; ; . ,  : i r c , r r r  : . r .

. . rJ ir , i  : ' : ' : r i :  . r r :  ; i r .  I . .
:  l . ) !aa ;  l r ' ,  : r " / :
::.i,ri '1, 

rr r'-, !. l: .ri. ,l

(  9 )

( 1 o )

( ^ :  t )

( j 2 )
1 !l,c hZ,.

r o , b l .  i h c

'ct. 
: I _,

i 5 )

mar. I ' (7, te) .< c
e€i i .

r n e r a  c > 0  i 3  t h e  i r h r e s h o l d  o f  t € s t .
I j ; . a n  l e  s h o w n  t h a t

rax  t ( z  iS )  =
e€6 _ ii" n/2

L ( z ; e )  =
2tnp/2 i iol r,/2

1 _ L \ t  ) Z  l i ) / ^  =  ( 1 / n \ r t ,

= 
E(z( i l -6st i ;  f  z(r)_6s(:  )) .zo

= ( i , /n)(z-6s) (z_6s). ,

ex!(- rp/?) ( 1 J )

e).:pt.-rp/2), (  1 4 )

( I  ,s;

6 . i

( . . )
eEii"

a,

atd
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ss
"-A the w€'l_known nsxinurtr- Iikerrli^^a cstlnetors of the unklrown

iH$ll #:i;rtl"*:t. ii; "ptili; li':diiai k :'i3"8f, :"Jii*
i i i irinooa ratlo test

I et' ld2 = c ' thon El
tn(zl ='l:46 

< c, then Ho .
t W b l

lakiBg the n/2th root' thls test is evidentty equLvalent to

.  l % l  >  k '  t h o n H l

l A l  < k ,  t h e n  I I O
I  qb l

. A substi-tultlon of
6xp1iclt test

lzz' l > k' th"n H,l
"h.r" bo2/t
protluces the

r,i(z) =

ihown to exist wi

thei*]r"i:ilrillg tN'"liL*"t;i:'lsli i-oUt.i" this ratlo

(1r, ?6), and (1?) into (19)

ln the fofm

l- lJzs xzs't ' l
I zz - -.--.---.:- |
l t " l

k, then HO.

Te^-'.v:1":-i:fn*ltil s33liili#;i!
**lr";Il*'iil*.ii "!;::::i:ul i'{i

lzz' l
r,i(zt = -- 

.7<zs'><zs'l '
1 - (zz')- ', ' ------:;- ,rrcl

l zz ' l <zz

(zs')' (zz')-1 (zs'�)
1 -

Et: "lS',ff Y::?",'^'tli' r'"":t'i.':i:l;-liH't;'i:'tf, :"t ":t
<zE')'<zz')-4 Qs' ) > 'o' tb"n E'l

w(z) = ------fr-- < wqr thon Ho.

',:i"ffi ili:"(:31"::"3"31S t:"t":";a signaf wltb uilknown I
f 6atlrres r regpectlverY'
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( 1 7  )

v e l y .

(  1 8 )

(19)

"l))

i s

( 2 1  )

le i ive
t h .

co r (Z ( i ) ; I ] r  )  =  q

Also

n(z( i ) ; t to)  =  r (  z .

or rn terms of Z

n ( Z r l l o ) .  O

x ( z ( i ) ; r 1 . , )  =  r ( 2 " ( i )  l b s ( i ) )  =  b s ( i )

f  o:r  1-O, '1

( i ) )  =  o

and n( Z i l { l  )  = bS

( 2 1 )

l2+)

(2 i . )

( 26)

( 2 7  )

( 2 8 )

. rex! perforrx a l ih l iening frocedLrre on Z( i)  bI  def lning

: r : \ .  _ . _ r  |  ) ,  . . .  ! r . ,
i . e , ,  l e t

Y  =  ( r ( i ) ,  . . .  , , r ( r L ) \  =  6 . * 1 / 2 2 .

l:l,liil':1t,i;:"::y;.il.ii3),fll:,:li"ff "#3:*l tiH,,.3giil,
cov (y j ( i ) ys ( r )  )  =  d ( j , s )d ( i , r )  

e9 )
l o r  j , s : 1 , 2 ,
ncckcr delta

d ( 1 , : )  =

and Yj(1) is the j th etedent of

n(ll io) = 0,

n(r;Hr) = q-1l2us,
and

cov (Y( l ) ;H1 )  =  Ip  fo r  1=0 ,1 ,

" . .  , n .  I t e r e  d ( t , i )  i s  t h e  ( r o _

Yector. f  ( i)  " Therl btr

( ,o)

(26)  to  ( lo )

( t 1 )

( t2 )

1 .  .  ,  P  a n d  i ,  r - r -  , 2 .
l  unct ion dnf ined by

1 l  
i f i = r

I  u oihenY/ise

t 3 3



where Ip 16 the

EvidentlY bY the
bocon6g

(rs ' ) ' ( rr ' ) -1(ts ' ) > wo, then Hl

ss' < to' then Eo'

since sS' ls a po6ltlve scarar' at thls point.It sinpliftes
i!"J-ti-"o"tafri,e the slSna1 vector s bv lettlng

s
'1 -

tsss'f/2

Then irhe test funotLon 1n (r4) becones, usinA (,5)'

w = (rs; ) ' (YT') -1(r€;) .

By (f5) the su.d-of-squsres norn of s1.ls gl-ven uv l lsl l l-
"i, '6i ' t"--" unit row'vector ln the "dtrectiotr" of vecto!

Now conelale! the a x n orthonolnal natrlx

u = ["..I
I M  '

p x p l , d e n t i t Y n a t l l x .

transfoi,natl.on ln (24) tho test funotlon 1n

where M ls a (n-1) x
nal low vectorsr anal

sam' = o.

li":i"l': H::i:l Y,ff"ili; ?):*li'31'?3ill"H*:l"liis'
u.lrit veoto!"

s l u '  =  ( 1 , o ,  . . .  , 0 ) '

Now apply transtornatlon U to Y by lettia8

v  :  Yu '  =  ( v ( ' 1 ) ' v (2 ) ,  . . .  ' v ( n ) ) .

Then the test function w in (16) reduces to

w = v(1)  ' (w ' ) -1v(1)  .

]'or nore aletaLls on how U acts upon €L8ne1 s1 and z or f
H1' 6e9 Alpendir.

n natrlxt conpoeoat of 6oBe set of o
6uch that

rrhe covarlanoe natrLx of u(t)r,.f.inl=1i3;r;;io!";fiib:

t*:t Si lft)t,ll"t:"lil"ilT3!,,,,.ro"" under hrrpotbesls
nean 1s aleriveal f!oi[

E(vtE") = E(1'u';8. )

= 6'1/265."s' 1ss'f /2 -



'r i_ !:r ( ?2)

( t t t )

(15)

( J 5 )

.1 .  : I1a-

( t 9 )

( 40)

\ + 1 )

1a r  t o
i )  i r on
, l h 1 s

I

i / : 2 )

ii! :r.].:ilc,,r i :

( r t4 )

( / ,5 )

I l : i l  o h r i . o u s - i r r
: j1ni l  a: ,  CebF.-

(  1+6)

(4' i  )  y le.r ,( is

{4.7)

i r :3;

t i,:Jit|f1) ) ,r:l

.  i " ' / 1 , ) ( ' )  i  . . ,  , a j ) i i r  \ ' r l 2

=  ( t :  
' ' \ . . ; . . . . .  " : ' t 2 ,a t ,  

, . .  , - , 1  .

l;;:,.lll)..":,..,,:r i" ;;i"; ":.", j"i;,:l;, :,;', i,.i,t:,i;
. . S l , l i  , .  . , t ( \ '  i . , ) , i , i .  ) r ; ( r ; i t ) : ; t . , )

-  ( c  i . - i t  )  l s l ; : l  : . 1  , . (4 t )

iili,i;:i:'iri;i;:'i::iii :ir** j;.ii;i;:, ::r,'iii;:i": .:'''
Fr '  : , j (J) , r ' ' ( - r )  . ,  . ;_ l1. ,qryn.rr1

\ t 7 )

(r8)

s p a c e ,

= , t ( . 1 ) r f ' ( l )  . r  . Y .

r  = rr '  = t ]1. , , ( i lv ' ( , i r

ii,i"i?';ilf:iffi ,:."( i":.,l;l.Ji,ilT;."il;:i i.;i
,1. ,re11-krorn

(l.r'y-r -

I  s u r c t i b u t i . o n  o i  { q 5 i  i n . r  i : , , a  - .r r r .  r ; : . - i " ; l i ' . i '  . : ' , '  ' . r ' . ' .  
. : : " . . - ' .  l " ; i " " . t . . , ,  t "

, ,  Y'(1)n-11'( 1) ,: t .

i  +  \ ' i ' i \ r ' ' i ' t ( . '  . t  -  : , ! . 1

r r  .  T ' ( r ) l - ' rv(r ) .

ll i: ?::l*g """ u, r. r_ ;nc -or.,L,:
t .  ' r ,  ,  ; i . ' i r . o  

' '  '

nuf. ix rnversj_on ident i tJ,  appi ied io ( l+4) produces

t-i .l
(

1

ID) -

): '"

)D-

lI
(

I

. t )

-1

(

I
I

( v ( 1 )

l-
l i  -
I
L

: ' . : : i



f  . ' r " ,  "< r l  Iw, = llvr1)lFlffi ,*',-1lffC .
L

Then nodnalize t-he p-oonponent veotor V(1) as follorve:

v(1)r<o = 
fiiErii 

'
Fence by (5o) one obtalns w1 ln (49) ln the forE

w,,, = l lvtrt l l2<a'tr) (n')-1r(r)) =llv<rll2o
where

q  =  A ' (1 ) ( xx ' ) - ' 14 (1 ) .

Now one can further process the tern q in (52) by condl
the elements of V(1) so that A(1) cen be tteateal. as a n
"o""ir":t """to". ihen since .A(1) has unlty nagnlt ual€, - therg
ex16ts e p-I p orthonortaal Eatlix Ul such that (see arso tru
head ( '1982))

u l A ( 1 )  =  ( 1 ' o ,  . . .  ' o ) ' .

Next apply this tlansformatLon to datllx X, aleflnetl before-
by 1ett1r6

H =  u , ] x  =  u1 (v (2 ) ,  . . .  , v (n ) ) .

Then the tern q ln (52) has the slnple fo.!r'

q  =  A ' (1 )  ( rx ' ) -1A(1)

=  (1 ,o ,  . . .  , o ) ( r s ' ) - 1 ( ' r , o ,  . . .  , o ) ' .

clearlv It  ln (54) has e)<ectly the sane statlst ical pro
X undei. the assurnption that v('1) is 81ven.

Now paltltion II as follows:

/"i \
H =  |  |

\ ""  /

where ill 1s the (!r-1)-co1u!rn vector and HB is the (IF'l)
lratrLx. thetl

/"i*o 
"i"i 

\-' - /"oo 
*o"\ 

.
\"""n EBH; / \""0 """ /

ths tr'robenlus relatlons (Muidtead r

(m' ) -1  =

Accoraling to

r35

1982)



QA)

( 9 0 )

(51)

(52)

ios l,: zcd

!iu:LI-

< 5t)
e ( r - l . ) ,

( 5+)

t ies as

<56)

(a *1 )

(  i r - t i  -

(..t,r i l

--�

ia. irr. ; l :  ,) 
--r 

:  r l1., r, t  . t t . tr.

1 t : ,:2 ) ..1:,: ( .i:) :, r,r,,, 1. .:,:,.t r: -. :.

( )3 )

. : !

iiUltIl'*:. : :'";*' :i:i.i:ir"r";iiiJr;i,j,r::.:;i.ir;ir
(€ i r )

;[;",i i""]:Xilrl;l ia,,,nrr.,v(i) and R aio riiven, or.,r: fi,,ds 3r.sro

1/q . :{;nnr = ̂ .. = g,.i <61)
n f ' e f e  c  i s  d e i i n c l  i n  ( 5 9 ) ,  a n a

i Q lrl2uiu,
(52  )

ii'i,ii'li:'it,ti:ii!:;il.i;;r:',iirlrli:ii{; itfiir",ri::i
i t

i i . r )



_ A / )
f f w l i H l )  =  c  

" ' *

, , ,(p/ 2) -1
' 1

rrq-P.)r'(!) ( r **";'" -
^ r  ̂ \ a ,7 ' t

i,ransfol ati-c!r IJ

slgr:.1 3 in {})
situalt ion, 1e1i

bas l  +  Z

f r h e i e  b - ] = b ( s s ' )
bi=O o! hYPotne

S,,U' = Sa (S.1

thcn a trLuft l l l l

v1 = zu' = (

=  (  ( b l s l

= ( b , ] + 1

I v i d e n i ; l Y  t h e - r
b . ( ' r , o ,  . . .  , ( l
of the l i ransfol
V,t ,  nanely ZoM
!/hich, as i t  i
Q can be found

F i r s i r  n o t e  b Y

"ti l; = z(s;

= lzsl

Final ly under

v lv ;  =  (  (b l

. a
" i .

Tli;,

.  . .  /2 ,  (5 t l
=  f ( v . 1 i P , n _ P ' E  ' - )

o f  r / ,  i n  ( / r 8 )  r n d  r  \ Y p o r F ' s r '  !  '  r o r  O a  d '  <  ' o  '  r s a r e

, i , i " " l f " ; t ,  
' 3  + h '  c o n f f u o a b  '  ; ' r 6 L ^ c  1 r i 1  r u n c t l ' n ' . , 1 ' 1 L s . r s  -

^ " r } " ^ ,  i , "  i  t - o ; . 1 -  i "  u j i o r  l  ? € o '  1 9 6 - . = )  '  f \ '  r l u ^  i  j l l  ' l  r

( '1964) is siven bY
, ,  l l t

a  =  l l E ( Y (  1 )  t H .  '  l l - .
l {  " '

Thls agxees ' rr i th the def ini t i -on of

F j - - l r t /  1 l _  l :  i n "  r ' - a  r ' t a f i o r s h l t
:  a L  d ; " s ' t , /  . ' u n c L i o r  o - '  b h  1  L

r( . r l i . )  = n-a/z e1. ' : ,1,$!-)  . ,  ' , ' ]  f , iu '  = r t* '5 i : r r" ' '2 '  61')

i?  : , ; ,  ;  . ' . ;  l ,  . - ,  !  o '  ,  " , " -  "1;  
, - . - i  " ;  : : ; : ; " ' ; : '

(57) rcclrccs in the l lC hJ?ci 'hcs
densi tJ ol  fortr1

'. --- - I | ,'-2) /? e_\)(n-p.'z) 
/2 , a <,:t '- i. g8)

f  lu t in )  =  e r j ' ;L l

(66)

bhe GSLR, a, elven in (4r) '

o f  w r  t o  [ i  i n  (+7 \  t he  P rooF lF
iunc t ion ;1 und Pr hYP )  thL-s1s n l

r:unctions in
IouilC by

(69)

(70

Fi.nal1t,
( 6 7 )  a n d

P -

_qPtnlDir

fropei!1ec,-sf-q!!]]qg!rel--]{c!ri;- 
ii

r o  s ,  ̂  7 P 1 . . ^ r t ' .  , "  - :  ' , .  :
- D  n ' l '  - o " n  r i . -  d  v  s  ' - -  I  

-

Z'  under l : l l ,  the signal- ! ] .us-Do1se

il"j ";il: :i"l:;'iiil""i'?oiXilt*i'iil"i!"
f l
1 r (w rl io) dw
")*n

prob.rb: i1 i - ty  o i  dctec i lo i l  b j

? 1
\ r (r.,; i l-, )o,r.
.J1'b

=  (  (b1

+ (

:  \  r o2

The above idel
wing relat ion!

@ti ' )  ( tM')

in (r7) a.ts
Jild dasa natrir

Taking Ithe exl
use of the in

x((?,{) ( zM)
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(65)

L,l-er

i 6 a  )
( 1 i 1 ) .

re3i  :  F;, i

/ ;  -

: 1 .  (  6 8 )

a:l

(6'9 )

( 7 0 )

(n4)

(A5 )

fo11o-

s 1 u ' =  s j ( s 1 , 1 , r " )  =  ( s l s ; , s r n r ' )  =  ( 1 , o ,  , " .  , o ) ,  ( - A 2 )

t ler e nuit ip l- : l  c at  ion of Z ln (A1) on the r ight by U' y ietds

\rt -. z\J' = (bf .) + z") (s;,f i ')

= ( (br ;n  + z" )s j , ( t r , ls , ]  o  z . ) i , r ' )

=  ( b 1  +  z " s ; . 2 "  ' ) .
( At)

- . r :  
. : 1  ' , . "  c : o .  . t  ' t - Z  

. . . . u  - " r c  s i p i , ? ^ t  r " i ,  t J
I  . ! ,  . . .  ;  -  ,  , .  :  - :  . r .  . S :  . .  -  : '  '  . . i  c o 1 , . r .  ̂ . ' .

, i ,  .  ̂ r ; ' : ; . . . , . , . , , , 1  - .  y . . , - ; _ , ' , . ' ; , , ; , ,  . y ; ' ,  ; j
i:: l 'r: 'ri l";: 

: r'o"r., '- ' ', rr'� '!r-l:,i icr ot r;r ', coi,a:;:rrce nairiir

l i fst  note by the def j-ni t ion of y l  and U {;hab

7 )

. /1Y; = z(s; , r { , )  (s; ,v t ' ) 'z '

=  ( zs ; ) ( zs i ) '  +  (N . ' ) <zu ' ) , .

I inal lJ under i l j  by (Ar) one has

r rv l  =  ( (1 ,s . , .  *  z" )s ; ,z .M' )  ( (b f1  + zo)s , r .zoy") '

=  ( (b1s j  +  z" )s ; )  ( (b1s j  *  z" )s i ) '

+  ( z " t  ' ) ( z " i t ' ) '

=  ( z s l ( z s ; ) '  1 .  ( 2 . M . ) ( 2 .  " ) ' "

llir"lilSritill"t"" (n4) to ('45) e.v1de!'i'1ir esrabrish I'he

( a l ' ) ( n { ' ) '  =  ( z " i { ' )  ( z . M ' ) '

= zz, _ <zsrl<zs;,.  4 o.

kyif lH i;5il:it";ll'l."inln3"1i{l-sli'ezor (i6) vielde'
x( (^1) (z l l ) ' )  :  r ( (z .M) (zo i r ) , )  =  (n_1)Q

(A6 )

by the

(  A7 )

1 1 9



where Q Is p x p covai lance. nal ' r lx of  the discrei 'e vector process

z ( 1 ) .  T b l s  r e s u l t  s h o w s  l t h a l i

1 -

6 = *  (2 , { ) (zM)- (.{sl

is  an unbicsad est lnsbor of Q wiLh (n-1) de8re's oj  f recdom--lnc" l

*'n-:i"i:i,+l+i: "!i{i,ilirrie::;;iii*il;:?s5"ri" 5t i:,ii;,n > p  r h a t  t h e  r : ( ' 1 l 2 ) P ( P + ' l i '  d 1

rij : ";-lrili::tt;:":i'h I :;,;;e'l:5::ff i":"::i'li*l"iiti'i'li'
b i l i t y  o n e .

Illtll!il-], .Tl J!]-:l
to c0rrRoi l ir3!

The inverse
not lng i thc

of ZZ' can be shown expl lc l l t fy to l ikewise exist  by

fo11ovln8:

z z ' = G + ( z s ; ) ( z s , ) ' =< r  +  Qs ; )Qs ; ) ' c -1 )e  A ro .

E v i J . n t l r /  l Z ' l s  - n v ' r L i l - l a  s l o c e  c l e a r l y  b o b h  t s c t o r s

c - l  e x i s t  v r i t h  p r o b a b l l i t Y  o n e .

(19t

1(- and

Rnr'tRnNcEs

C - 1 n . r ,  H .  '  
9 5 . ) .  M € t h ! r r . t l c a l  n - . a t h o d s  o l "  S t a t i s L l c a '  P r i r ' c " t 0 '

n""l '  i . i l '  i l l '$l" i3i1; ' ; f  i , '56ii l '  on the srabrstics_.9r-: l :  : :-r-" 
i;i';":=';"';;;i,il;'itiill:ilihi'airli*?,li?i,".;:,;.

Mif lei : '  K's '  ( '964) '  i ' { r '11t i '1 i !1el

.t"J;:J:*:if 
i i:662) 

' ,t"p."t" oi rrr'Jlf ivaxiate statisiical The'-
rr .  Ncr,v York: I ' / i  l .eY.'" "i;;l;llii, i:;?l'i.tl":;:':+ l:r.:5r:;l:;:i :i:"31il ";:i::,'
qa;q' [: i;;;,i-;];lH"i.;;l I:l:'1"?3i'F;1";'il:',,li;:i',

"""1'alf iY"?isn5) . r, inear stabistical l i i f e?ence and rlt3'a!!1icai1'

.* fi ii :"1"$ "?ll',tlitli,_: 
" r ?;:,' "{,.1:t,j:l;!,}";*%"it::;;_

:1"?ft;il i ';gBil",li i l"i ?i,"".r, pp. "64-16e.

Bi rdsrt i iko stal
mcnt for tnonl l rr
lerodrom--s, 1Io\
t ivc and theY l
Ce.rds. The pr ir
be to l re\ tent
an incideni,  r :h
c c n t a b : l e  s i a n d
but the becb. i
c u s s i o n .  T h e  !
nunrber of ccl l
e3ch aerodrone
tr\rc I,IFTBSB (m
and hence on t
obscr.r .d ser ie
c c s s .  )  - { n  i f l . u
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