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s'rltli ARY

T.. i :  cf  l i i is paper ie to preseit  a general  stat lst i .cal  appro-
i1. tr  bc iden: i l ic_at_ion oi  bi .d renains after coff is ion bet l ' r 'een
:, i rc:aft  : r ] ld birds, \ ,"hic:r  is based on bind str ike stat ist ics and
i i . i r ,  r .  aDl l i { id in ;onbi lat io: .  i th sone nethods currentfy used
:,r : . r  i  sc; . ib-!d bJ Bror ( '909,\ .  The proJioscc al , l roacl l  is ' -  bherefo-

.  . : , -  . . t  o I  t  . L o r b .  s p l  i n g  t o  L h  b  r c  s t ' r -
. , .  r - i  . : : ;  e : a 1 a l J ' :  a l  '  ' : : o ' ' s  s ' n  r a  r J

| :s:- l  i !  . r raLJ:re lat i rar.  var iable bioloEic, l  data- '  The sarnpl '  s lzes
r i  i l .  o: iLr s.- t  of  bir j  _tr ike r iepcrts are sn€l1 onJ 1r '  rone ca-

.  . ,  ' \ a r ; € '  :  " 1 . , . - s  i . r  n o t  p o s s i o l ' .  T n e  d a L a  e r e '  ! ' ' r c -

i  r l  a l  r ^ ' c n  . o  i d e n - i l i c 3 1 - : o ,  o f  b i r d  r ^ o a i ' 1 s
- f  I  l ' - i o n  b o i  r F .  ' r  a .  . r r f l  n L  b i r o .  r  L h e s 6  . r 6 a k n e s s d s  h ' r -

r .  - h e  . I  ) € : '  .  l a :  I  o n  t h  f a s r ! [ s  o !  J ^ c n -
. . -  .  - ' , " ,  o  o \  a n r  '  : c , o  L  1 - - .  e D o . l i c r r l  r h " n . n ' a l l  r n a -

: ,  
' . . .  

, r j o . . .  . , .  t , . - '  w c r : o ' l a 1  r ' o - r "  b u 1  v i  h  J  3 D  c ' -
t l=.  . ," . 'arn", t" .n.  T1e norLj- 'araietr ic ca.ros car be i i reated in a si-
; i iar-namer. buN no attenl) t  has bcen rxade in 1,his laper to offer
er, .Dl ic i t  solr i ions. ' - f - . -  rnai , ,  featurc of l ihe ap?roach to ident i f l -
rai i , , -  cf  bird remains i5 th^ popufat ion ef inlnat ion rufe. When
:i : r tain condit ions arc net '  the decision is taken to el inlnate
sr-.eci f i .  toD'r- lat ior:r  f ron iurther considerat ion'  and thc ident i-
I i .ar ion nr 'ccess is cont inued with a re' luced nu"nber of populat i -
ors.  tn eia,r tpl  e 1s qiverr.
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1. INTIRODUClIO:.I

Ident i f icai ion of bird renains after colLision bet i leen airc.aft
l i l ]  i  . c  ' . a  , , , : a .  ^ r  r n ^  i  n

r e g u l E  l o . - .  _ ^ L r L i n g  L o  r i . r L  ) a z a r i s ' . a v . .  r c q L r i  r . l  L i e  d p v ' ] o o -
Dent of conplcx and extrenely exlensive lest rout lnes. Tnc way
i! , f lh i . i  a bind of a part icular species passes lhrougt ar erqinc
car resu-l t  in soire cases in no damage and in others to calasiro-
p o i c  l  i l u r "  l o  L h e  e n d i n e ,  3 . c r - r s c  o f  r ' r -  ' l i q n  : o s 1  s  o f  t  . _ t i n .
engines, i t  is never possibfe to repeat tesl ts in su{f ic ient qu-
a n t i L J  L  a ( "  i n . o  o  o u n L  0 , .  . . . 1 n J  ! a _ i a : - . .  . 1 , o 1 r ^ ' i n

ol l ,  I  valuab]e source of inforna!1on is.  t rer, . fone, oaLainei : .o:
i ! -servise incidents. This is an area vrhere t i -e coi iplet .  col le. '
t ion and acc' .rratc idcnt i f i3at ion of bird renai,ns : i i  esscnt ial ,

I h e  L r r o :  i o . " l l J  e .  -  a . - a  n o .  i  : ; n . p l .  . r 1 J  o f  -  a '  .  r l - n  j f  . -
t ion is that ol  conparing unknoi ' /n fcathers r iLh a relerenc.:  coL-
Iect loi .  in order to be able to dei,crni4c Lr: lel i rer Jc.r ]rgcr (anl
iherefore less exler lenced) birds are nore accir leni-pr 'on.r  than
a d u l t s ,  a  d i s t i n c t i o n  b e t { o e n  a g e  c l a s s e . i  i s  x . e d e d  i n  b i r d  , i l . i -
ke sbat lst ics.  Sinc() no diagnosi ic oharacl ie:s are fornl  in the
l i c _ o " o r f ; . o  o f J  o "  f c s l n o r :  I  r  : r . 1  .  : . - . 1 ' I  . . r  I  . l  .  r -  .  r '
) e  0 i s l i r g l r j s n - d ,  a l  i n f o r c , a i - o  o ' 1  ' h -  a  c  o -  . .  ,  i r ' :  l p  ' - l
on nacroscopical  cr i tcr ia,  and hence on i ie l i ize and condi l ion
0I the bird renains avaifabfe for examinai- ion. Ior sol ie sDccics
0 s _ d l y  a \  L j " f e _ . n c ^ s  : n  p -  u c ' ^  c x L s L ' . e L F  r / ^ n ' l n  1 n d  o l -
d e r  o : r o . j ,  t n e r c a s  i n  o i n e r s  - n . s e  o i f f . r ' n  s  B r c  o u i 1 : 6  o _ t J -
nounced, at least dur ing certain penioCs of ihe year.

l id str ike reports a. ise fron one of rhnee sour. ts:  1) f rom | i -
lots of aircraft  1! ,hich have expe| ienced a str ike, : )  f .or Llrolxtr i
s l a J - f  . , . 0  f : n d  €  c o r p .  o .  : ' l e  m a n o  r v c : . . o  . r '  a .  . - . o .  . .  -
ers , . {ho f ind evi . lence of a bird str i i re Curir ig a rout ine inspeft l -
on of an aircraft .  Pi lots ni ] ]  of ten have dctai fs abou'r  ' "11c air-
( r s f t ,  r ' "  e f f ^  r  o n  n e  f l i g . t ,  i h . : -  e  ^ f  l  ,  ' . ,  . r .  r -  1
str lke occurred, but not the species of bir . l  involvcd. Grou..d
6taff ,  on the other hand, oay kno1"i  the bird, b.r i  noi  tne air-
cr€ft  or the t ine ol  the incident.  nngincers often kiorv the cf-
fect upon the aircraft, have the bird remains but na,'t have ro
detal ls about when or where the str lke occurrec, -r ,  high proporl i -
0 n o I  b : r d  s l r i k ^  r e p o r L s  r i - 1  .  r h , r e " o r . ,  o  i 1  o  0 1 - ' - .  T '  ,
s e l f  " r ] i l ^ n L  ! r . 5 !  o l p l - - e  a 1 d  . _ a  e  r  q o r ' i r .  o f  t , :  I �  -  : .  .
l s a n e s s " n l  l a f  p c e . p q u i . i ' .  o  t 1 6  l 6 v 6 l o r  p r  "  a  -  n  n : . -
and useluf data 6ase fron r ' /h ich to cam:r out anal.-r 's is.  The cccf-
d i t r s t l o n  r e t L i c e l  L o  - r .  L u ' e  c o a r l ^ t  a 1 0  '  c  L r ' .  a  r a o o _  j n "  3  i r .
r e L i " '  u o o n  . d u ' : L i o n  o " ' n c  D 1 _ t -  s  i 1 / o l 1  d  " n d  a l . o  o f t ^ n ,  "

Soody/ l l l  and cooperat ion of the air  t raf f ic contro] lers at the
aulor! .

; r e  s : m  o f  L n j s  p a p . r  - s  t o  I r ( s - r . !  a  p 6 n . . a 1  .  r ^ 1  : s ( i . 1 1  ' D  r o -
ech to ident i f icat ion of bj . .d renains (af ler col l is ion between
ai&raJt and birds),  rvhlch is bas-.d on bird str ike stat ist i .s
a l d  . s n  b "  a l p l i . t  i n  c o m b i n a L i o n  B t L h  s o - o e  n e t h o d .  r r r . n t l J
used and described by Bron (1988).  The proposed approach is '
therefore, t ry ing 1ro i rprove the si tuat lon by apl ly ing to the
Urd str ike dataEases nrore sophist icated analyt ical  l ,echniques

8eneral ly used to analyse rather var labfe biological  data.



l 'hc l ralmapte sizes of l jhe data set of  bird str ike reports ar-P srai l
e n c  . n  o r -  a  - ! ,  , r l  v p r i a  ^  . n 6 l J : - i !  i s  n o t  l o e s r b l - .  T h ^  l a -
r a  F r e ,  t h p r c f o r e ,  s t ! ! i s t i c a l l y  1 r e a k .  H o w - a v c r ' '  i n  o r : d e r  t o  i l l u -

a  - . a - .  |  ,  1 . . . , i ' i  . r l i ^ ,  ^ ^  t , f d
.enains after col l is ion betveen aircral t  and bird3, these lr 'eak-
]1e:rscs have bcen i8nore. l ,

2. IoR}{LTLATIOII Otr' TI{I PIOtsI-IilL:

j , - . ! , ls suppose re are corsider ing the renalns of bird that suJfe-
rci  1ir .  ccf l is ion lv i th aircraft .  I t  is known that t rds bird be-
.  - 8 .  . o  o . a  o - f  r  .  p '  i - :  o C  o : c 1 . ,  b u L  L o  r h i c h  o f  t h ' D  i -  b e -

o , 1 .  ^ n ^ . 1 . n  i c  . ^  
' . a r l  

i  a  r  l h a  h i r .  r a n . i h c

s; i l  t . r .  proper species, cn the basis of the values of measure-
; . . . i ;s of  D character ist ics of l rhese rcnains avai lable f ior0 bir i
. , r ! r i k c .

;1!  t roblen of ident i f icat ion, that is of  assigning the observed
.  a . -  r , . ^ j  s . r l  - e . . . - . 1 _

rr,  , rhen :he probabi l i ty distr ibut ions of nxeaslEenents in thc a]-
t ; - .nal i i1c grouts ( lotulat ions) of ne€sucr!ents of p chl ! .ct"r is-
t i . . :  Df t r i rd rcmains ar(]  coopletFly sta. i f ied. The decision r ' . r le

'  |  - . -  n  -  ! i n  a  h ^ l F , a a n  n \ c a . v a l  r ? l  , c

of neasurenents of p cha.racter ist ics of bird rcnains and one of
o i ist l ibut ions of neasurer i lents of p chaiacter ist ics of bird re-
x,.r i rL5, ,nere each disl , r ibul ion corre:rponCs to one of n al terra-

'  ' .  . .  , 1 . r  ^ h a  . a  m a r  : , r - p a a . T

. :  1  .  i  t  C  r i L h  - . ' a i n  p -  i a :  o ' b i r d : .  T n  p - a  L l  a  i t
'  , e . ^ l  I  n ^ c .  l  r ^  n o a ' r ' v

. , i ^ .  _  |  , \ . .  - . ,  1  - n  - . h n . . . - ,  . ) f

- ,  1  - f  - n c  a l r c r n a L i v e  d i s t r i b u t i o n s .

i e i  r ( ' l ) ,  . . .  , I ( n )  b e  i n d e p e n d e n t  s a n p l e s  o f  o b s e r v e d  v a f u e s  o f
n. iasrrcnents of o cLaracter is*r ics cf  bird renains froo r0 al ler-

-  ' . i  . : o r i  ' . . c n i r ' ' i
' i . . ,  : :  i  h  - r y  -  n 1 c  ' 3 l l J  s p ' i C -  L '  a s  x \ e r .  ' h e  f  l n c t i o '

r ia,  lcrrs of the probaoi l i ty den: i t ies are Siven but si th !r , r1sDe-
. . :  o  , a r 1 - e i - r s ,  c  o t  I  . l . r  L n s D ' c i f l p d .  T ' r  L h j s  p € p ' r  s "

.on:, j ie.r  the idenLif lcai ion pfoblea , l /hen the al ternat ive distr i -
nt i i r r ls have given funct ional lorrns but vt l th unspecif ied para.oe-
r{ ,rs.  l f -er a p-dinenslonal vector I  ( iea:rurement of p chsracte_
: is l ic3 of bird renai l is)  is dr:a,vn fron a lopulat ion known a pr i-
oi i  ic bc ol ie of the above set of  m populal t ions of nea6ureloents
o r  I  . .  c e  . - . i  1 1  s  o '  , : r o  r . i e i n s ,  I n L  p _ o b l ' o  i s  t o  i n f " -
frorn Nrhich popLdat lon tho vcctor x has b€en dra\tn.  The decislon
fulc should be in the forr  of  associat ing I  with one of i rhe san-
: , 1 . , " s  x ( " ) ,  . . .  , X ( n ) ,  a n d  d e c l a r i n € i  t h a t  X  h a s  c o n e  f r o l r  t h e  s a -

_ _ '  h  r , ; 1 t c r  i t  i s  a s s o c i € t a d .

in ihi .  ,aDer a t jeneral  stai is i ical  aplroach to ident i f leat ion oi
bird renains aftet  cof l is ion between aircraft  and birds has been
de\.elopeal rv i t i  help of which the ident i f lcat ion problen can be
^ o ! v ^ d ,  .  i l i 7 i ' 1 g  o . l l y  n n  _ a " 1 p l .  i r f o r m € t L o n .  i i i s  e o p r " o a ' h  i s
based on the.esufts of l , Iechval (194a, 1989) and is i loaediatelJ
apl i l i .able $'hen the al l rernat ive distr ibut ions have Siven funct i -

b u c  . 1 i - n  L ' l s ! . ^ j . f l - d  r a ' a n ' l ' r s .  l ' n a  n o n p € r € l m F t r i c  ' € -
ses can be treated in a sini lar nanner,  but no attenpt has beel
nade 1n this paper to offer elpf ic l t  solut ions.

J. Ar* -a.tPRoAi
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1  t l i  1F lDA^^E. .  . . . .  _ - - . , , _ . . , - . . . . , . . ! . s T R l  9 ! :  , 1 . : S

I h e  - . a : 1  f ^ e L u r -  o f  -  h -  p - o D o s e d  a p p r o a c h  L o  i  L 6 r , ; f i c a r i o n  o f
o - r d  r c ' L a i n s  i "  L h  o o o u l a t i o n . l _ m i n a t i o , l  n u l 6 .  / ] n a n  c b r t a i n' 0 1 d r t i o n s  a r a  m e t ,  t h e  d ( c i s i o n  l s  t q k ^ n  L o  e l l m : n a t p  s o e c i . -
lo lulat ions l ron further considerat ion, and the ident i f i ;a{ io;
prccess 1s cont inued with a reduced number of poru:Lat ions. The
el ininat ion ru- le is based on sor0e exact tests ior discr ioirani
s n a l J < i .  j n  t 1 .  p r e s a n " ^  o f  u n k n o v n  p a r a r r p L . r . .  . : t o  : m o l .  J a n D -  ^ l
0 I ' f . e  '  ' a ,  - h o s e  t e . t .  . r ' r  o e s 6 o  ( ' n  - : e  m r : r .  o ,  r o e  r a r a i . .
t e r - f " " -  o r  d i s r r l b u t i o n - f r n e  s b a t t s L i c s . 1  : c n  a - r  o  - r i n . . , . /
neans of sui tabfe transfof lnat j .ons on the or iginal  observat icni
ald po,ssess certain known distr ibut ions rr i th-kno$n paraneters
(see l lechvaf,  '1988, 1989).

I f  al l  toe populat ions except one are ol ininated, ve dccide rr [at
t h e  v - c L o r  o - C  o b s . - v e t i o n b .  I ,  ,  e _ o n g .  - o  . . r .  . e i a i n i ; 1 -  p o o u _ , l r : _
0 1 ,  L r  h o t r e v e c  l h -  s . t  o f  p o o  d a r i o n r  . o -  J . r  

' : n i  . F . . ;  I  c ; ,  - r i . . .
n o l p  U h f , n  o t r e  L l - T - 1 t ,  i n  L h i q  F x c a t t  i o - ' r - . : - L . L i  r  " , . ,  o r .  c r( o - r d  - e 0 r . i n s )  i s  t r e a l F d  : .  o . t o n q i n '  r o  L n .  l o l u l  . r  . n  f o .
{hich the value of the l ikel ihood funct ion of i f -a r . l ]5t  s!s! i_i t i .
i s g r ' r r e s L .  l l n  t h a r e  j . .  . e  o q s : o r t i ' J  .  . . .  o  c -
n o l  o a " i g  t o  n J  o f  t h e  o  o o i  u l € l i o .  p o p u l  - :  - . .
s l p  e l l n i n a l e d  f r o a  f  L r - n . r  c o n : _ , 6  . o . ,  r c  c : :  i l - t  . . -
s s u r e n e ' . t  Y  - o - s  n o L  i  6 - o n q  t o  . . . " /  . "  . "  m  I , J o J , L ; o  s ,  i . . , ,
i t ^ b  l o r . g .  L o  t \ -  ( m + 1 ) h i  t o p . i l a ! ; o n  r . c . . .  , : . . r i  .  j o n  t e  L : . . l t  -
cr l led.

T o : l 1 r - ! r a L e  ' h -  a p p l i c a ' i o r  o f  . n a  p  o r o : - .  6 - 1 - o .  o  o . 1 . . -
r u c l r n S  t h o  p r o c - d u i -  o f  i  l e '  t i f - c a t i o r  o l  o :  r .  r  : . ,  i . r - ,
sanple sizas of the stat ist ical  data ar,"  sma11, arr .xaj ipt .  i : j
Siven belo,v,

4, l:{ IXAIIPIX

C o n s l d e r  X ,  e � .  ( p  x  1 )  v e c t o r  o f  o b s e r v a i i o n s  o n  a n  o b j e c t  ( b i . d
reeains etc.) ,  i rhich is to be classi f ied as beloluing' to on€ o! '
t rvo Siven populat ions or to a third populat ion whose distr . ib:r- . ior i
is unspecif ied. AssLme that 1f  X is an observat ion vector fron
lolulat ion i  then

Y P : , r . ( o i , 6 \ ,  j E (  1 . 2  |  ,

! / ) tere No(bi ,Q) denotes p-variate noraal dist f lbut ion v; i th tr- .  pa-
I s r e t F r b  b .  a n d  q .  S u p p o .  e  t h a c  r n e  o " . n s  o r ,  b _  € . - d  e  c o [ r l r o : -  . - : -
r lanca-covdrianc. nar" iv Q , ]rp rnkror:1 ar. .  ,  - i ' r . :L-o by X1, Y
snd S, reslect ively,  Here S is the poofed est imate of Q fron t i , rc
i l d 6 p . n d 6 n t  r e n d o 0  s a - m p 1 . s  o f  s i z ^ .  . t  . . . 1  I  - a J o "  p o p L J -  : o , r s  -
a n d 2 ,  r . s p e c i i v c l y .  o r , d  X l  a n i  X .  - u e  t . . a  o r r ' p o n o j n p  s a j l l

*  __ i

s  =  ) _  > _ r \ r  r - x r ) ( I , , - y r \  / ( n , - n . -  r .

ni
x-i = fxr r,/q . i=1 ,2.

( 2 )

\ i )



. .  .  -  l r n r  b r , i r ,  r E { r , 2 }
i :  h . .  t i r  s a j t l . s  l h " n '

(x-Tr)  -  nn(o, f (nr* - r )

and i .s lndopendent of

,  ar ' .d  is  d l l i t r ibuted indepondent l l r -  o f

,znrla)

(  n -  + . , r - 2 ) s  -  l l p ( n 1 + n 2 - : ? , q )  '

. r . -  |  r , ^ . ' , i )  d e . o !  s  r n .  , ' , r -  l i s r - . ] r E  t j s L r i b u  t o n  , v i t h
'  I  : r .  l o 1  f o . f . \ .  - . u :  L x '  s t a L j - s t j ^

r?  -  In i l (n .+1) l (x -T i ) ' s - i (x -X i )

1 3 - r  i l . t . . r l i n g ' s  T 2  c i s t r i b u t l o n  a n d

r r :  -  r ( p , n . + r r - - - ' ) , (7 )

(s)
I  =  . r , . + n 2 - P -  t / t - l \  I t l + I . Z - . r r

. r : .d l (?,nt+n2-p-1) denotes lhc central  i '  d i j r t r ibut ion lv i  th p and
n. +:r2-p- l  d. f  .

f  ( r , - !  )

w r r - . r e  i : ( . )  i

If the t:','o pc

di str ibut ion
t ing lhe i lJr lc
or po|ulat ior

h ( x e c o n ]

Fron a geo;rel

should be sul

a/2 < rri

2 holds for

. . . , - - ]

and hcnce

_ _ - _ - - 1 1

N^ =  t (  n . .

xEd1 .  l I

Na < (X-l

= (x-:

( 4 )

( 5 )

( 6 )

Tlre

( , )
c r  '  i x :  ( x - T i ) ' s -  ( x - X i )  <  [ ( n i + T ) , / ( n i k r ] F a . p , n " , n , - p - r ) '

t )
' " "  = { ' ' ' }  '  t e '

,  - : .  F , . .  :  .  r . r o  l p p  r  (  O O  a  p . f c e ' l L a s "  p o i n t  o f  t h '  ' c n t f a l

r  , :  ,  1 6 l l l o - r  j . i - 1 r i :  j , l c L . r L c d ' o - q - ! e s  o "  l r o e d o o .  c o n  i d ' r i n g
: i re distr ibut icn of ICI i t  is noted that

P r ( x € c i )  = ' r - a  r o r  i = { r , : } .  ( 1 0 )

: 5 r  ; r  . n d  C i  '  ' : _ i l s o i d s  o f  o n c ' n r r a t i o n  o f  s i z e  l - 6  f o r
' ' .  . r . o  c : v ^ r ' p o p r l n - i " n s .  l o r  a  f j x " l  v a l u e  o f  i '

: .  -  [ r ,  v e ; o m . t - i ^ n  r r  c r ]  ( ' l
'  \  

' J  
.

na; '  be taien as the cr i t ical  r€gion rvi th axact s ize a for ihe
sub-lJ---othesis

l io i  :  XePo?\r lat ion i ,  ?2)

i . e . ,  r e i e c t  H O i  i f f

( r - x i ) ' s - ' ( x - T i ) >  t ( n i + 1 ) , / r n i k ) l F a ; p , n , ] + n r - F - l  ( 1 , )

and

l '  . n  o l  - \ '  l w o  ! o p l ] ' t r o n ; . i s  l i m i n a L  c ,  / e  d ' c i d e  t h a r . t h "
v  c L o r  o r  o L . . r \ o L i o n s ,  X ,  b " 1 o n 6 s  t o  b \ p  r . n a i t u i  n € ;  p o D l u a r r o n '
, :  : , o r . - v - r  - h e  s e L  o f  p o t  u l a L l o - s  n o L  y e L  c l i n i r . s t ' d  c o n t c l n s
L ' l e  r o  D  r ,  d t l - o n s ,  l r  t 1 l :  a x c  p t l o ' l a f  s i l u € t L o n  x  ! s  r r e € l e o

as bclor i i i re to iha i th populat ion for whlch

Thus, 1f

N < (X-



of

( 4 )

( 5 )

( 6 )

f i ( ( r - i , ) ' s -1 ( ) : -T j ) )  >  f i ( ( ) ' -T i ) ' s -  ( r - ; i ) ) '

i , ; e  { r ' : }  '  i 7 l '  ( ' r ' + )

I 0 A I "  r  ' -  
i ; ^ ! l  . , p = o b a b i . L r ' ,  

l ' r '  i L  C  ' n ' L - o  |  \ r  "  -  !  -

I t s l l c  L ' -  i r

r r ,h "  - .o .o  J -1T . jon :  ac  " r i : j f . l i :  
i f i " i . y : " ; i o , , : l l j l - ,  

j  : ,
;:,::i,:.":'1."i:lllii,-i.'r:""-"ii5 ili; :f."t':l ;";i." . 

"-

l lT"i; i i f l i  
"""l1"loi;r ' .-"".; no-., 

, a-r"
h(xEconplcilent or c1[J o2) - rr ( r:ei]f- l?r) = P'(xe', nd:)'

li'i"".i:::ih:; ?ilgy:ill"'i:;::iii'i;. i:".;i;::i'"1ii""i!1"i;.' "
i i ." ia"i" !Gii"r""L for most practicil applications'

{*s###;"il".i":i;;::';i"s";::r;'* ;:;.Hi?;l':l ".1:;'":'
is  not i rue, sat isf ies the ineoual l t t i

a/: g rr(red] l'-lcr) 3 .. ( 1 6 )

! $ o I .  l .  u ! .  1 .  H O j  j :  n '  _ . y .  t  a  r r : - n  r  -  o l  r  ' -

ffi:',jr:l:"J::iY".l":; il'i",.''':';-: n : -1 '

Pr (X€d1)  =  a  
( r7 l

Pr(xea1nd2) < a. ( 1 3 )

(7)

( 8 )

md

(9 )

lna

10)

2 )

TIe Lof ler bound on Pr(xed.t  Ndrl  
l '  norc di f f icul t  to cstai) l r : ' j

11)
Na = t( n1+1),/ (ni k)l I . ,  n,,,-1*,,r- l-1

( ' r9)

and xEe.j. 1'le have

Na < (x-i.t) 's-1(x--T1 ) = t(x-ir)-(xi-i2)l 's-'rl(x-T2)-(T'-f2)l

= (x-T2 ) 
's-1 (x-?2) - (2x-ii-xa)'s-1(x--l?)

Thus, lf

( 2x-I1-x2) 
's-1 (x1-x-2 ) > o

then

Na < (x-x2) 's-1(x-T2)

( 2 0 l

( 2 1  )

( 2 2  )



b

d

f

dr:awn froro tl
alxs and pool€
T a b l e  4 . 1  .

IABT,!  4. '1 .  Sr

l z t )

l?r )

(26 )

(2?  )

(23 )

(29)

\ ,  ) )

ar: . i  r :  ar:ro belongs to d2. ( : ' i )  rmtl ies

(\-,1...,)'s-l(f; 2-11 < L-(-l^-tr ) 
's-1(r 

2-t.)l/2

Notc rhat

r.  .  {  ",  (x-r.r) 's-1(x-t l)  = . ,"} = e;1 1ri  ,l .  " l  ' \ r

= -  
{ ' - . . ,  

, , - . o . " . - , 1 o . * r , , ,  - o }

r r l
( l

r ]  .  
{ree1: 

({-?1) 's- ' ( I"- I l )  >o 
I

^/2 .

( 2 5 ) ,  a n d  ( 2 5 )  t h a t

C omponenl, s

Saltrple xieans

" ' 1 - " 2 - "

Poofed S3.np1

ance Mattllx

and

v2 -�- (x-x

for an arbit

frou

a 191 .7 :

_ 1
< t  ( I r -X"  )  

's -  r (X, -X.  ) t /21cel .
)

(10)

= 
{reei, 

<x-?.,r 's

* r5  X t6

1?? 210
127 140
49 7+

1t4 149
1 5  1 a

145 1O2

x r r

too
1 ) 7

52
144
1 +

102

n r a

16/)

1 1 4
4?

144

a ,
99f

.;a.:, = a

E - r Y - F - \ . .  D - a Y - F + r' '  . , . -  "  i  ,

j  r  : o l l o l r s  f r o n  ( 2 1 ) ,  ( 2 4 ) ,

rlne, = dt-,1e+,

-1(T.-i l)

Ta4 inE  . : . i 1  acco ' . rn t  (27 ) ,  (28 ) ,  (29 ) ,  and  ( ro ) ,  we  have

Fr(  xeal  nd2) > a, /2.

l i , : i s . r n C s  t h e  p r o o f .

For the sake of the nune. ical  i l lustrat lonr we selected the two
r " r - a . : .  . a . r - 1 " !  o l  - i z e  ^ ' . (  ( n , - n . , o ) :

I l a r o n l e ' l

' ' 1 t  "1+

188 194
114 141

7+ 52
154 1t+1

11+ 1t
99

and



(2 t )

d

f

xzr

186
a A 7

49
120

1+
84

S anple 2

r-zz *rt xz+

1at+ 2oB 199
1O8 125 1?4
+ 1  i o 4 6

116 125 119
1 6  1 4  I t
7' 88 ?8

"25

4?
i29

1t+
75

^26

. 8 8

1 1 +
48

1 2 2

4 2

74

&e,m lror tne DoDufat ions |  3nd 2, ceso" f ive-Ly -  -e ar lpl  I  :a-

&s and Doolod larnp.Ie var-Larc'-  ovor:a'c m1r : ' i  \  €r '  dl  v 'n .L:1

lable 4.4.

!.{BLX 4,1. gunnary of Computations for Randoro Sa'lples (1 and 2)

(24)

<25)

(26 )

(2?)

(28)

( 29)

- - 1 '

<n)

<11)

CoDponents

SorQIe lieans 11 1 8 7 . 5 1 t t  - 2 1 1 1 1 . 2 141 ,?

t 6 . A + 7 . 2 i 2 1 . 8 r J . 8 7 9 . ." t -  2 - - ' t 9 2 . 4

looleil Sarnple
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&ce uatrtx (s.)

i 9 4 . 2
99,9
2 7 . 2

- ? . 8

99.9

14 .O
2 5 . 2

14 .  O

7 . 4
1A . t

5. . '

2 > . : I , A
t . 6

. 2 1

. 1 0
2 t . 1

&il iz ing a conputer prograna to evaluai 'e

vl = (x-tl ) 
's-1(x-tl 

)

&DO

v2 = (x-x2) 's-'r(x-t2)

(  l 2 )

\ t ) )

l o r  a n  a : c b j  L r 3 r y  ( 6  x  1 )  v e c L o r  X ,  v c  a p  
' i a 4  r l ' '  t e  l  F c o n -  - -

dpd above to t3c fol lowing data:

Vector of Observat ions ({)

fl'oE
lhe lopulation 

'1
fron

the popu. lat ion 2
iroi

the populat ion ,

N o .

| 191 j l t 1 8 6 2 1 1 187 146  1 t '241
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a  t t
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a 2 7

ia

)7

j t 6

i4a
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122
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1 6
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" i _

"3s s. , .Ci for each appl ical ion yieiding

r . o 5 , e , 5

i .1L  i  I

Ti3: i + . ?

a ontalr.s a :ru@naly

. suxl |1ary of Recults
re ic the Data of

_ <1+) e+.9r)  = 69.r ,
( 1 4 )

of r9gul i is.

oI  Alr l l icat ion of the Tcst ?roc'du-
X

Sr.c i  !  r ; V,I TJ'pe T trror T,'Pe 1I xrror\z

1

2

)

4.46 146. ' l
' l  , 1 t 1  1 2 7 . 1

1 4 . a 1  2 O 1 . t

N o
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pe. r .En: . i  o .  i . r

x  r : h  l 5 : ; L . : c . e

r  3 u . r : t  s i  e r ! :

b r . d ! : . r :i . . | 3 tr -

i

)

99,5
1 6 7 . t
+ 7 . i

1 4 . 9
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3
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