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1. IHTRCOUCTION

7 1990

Bird strike reporting systems have been in operabion in many co-
tries for a number of years and it 1s generally accepted that
the statistics arising from these reports provide a valuable in-
tight into the aviation bird hazard. However, bird strikes are

tomparatively rare events with the reszult that the dmsta set aval-
lable for statistical analysis is reasonably small. Consequently
the traditicnal statistical approaches developed for large sample
{ata processing will usually not be applicable in the above case.

e motivation for this paper is to focus attention on an exact
statistical method which can be applied for bhird strike data pro-
cessing when sample sizes are small. Thls method is based on that
sertain conditional distributiorns, obtained by conditioning on a
swfficient statistic, can be used to transform a data sample inic
g 5et of random variables whose distribution does not depend on
the unknown (nuisance) parameters. The given distributicn can be .
wilized in the solution which is strictly applicable when ths !
parazeters are completely specified.

¢, A NETHCD OF CONDITICNING ON A SUFFICIENT STATISTIC

This method consists in the following. Lot X7'=(Xq, ... %) be &
seb of independent random variables tuat represcent observaticns
on 8 randon variable X and are identically distributed with pro-
bebility density function £{x;8) indexcé by an uwnkrown (nuisance)
psrameter 8 (in general, vector), 8€E8° (parezmeter space). Supno-
8¢ that D=t (X)) is a sufficient statistic for 8 with the proba-
bility density function g(tni®). Let vpe{(x™), ... ,va(x™) be new
functions of x1 such that the transformaticn Xl=(3q, vor G Xp) —e
t=(tp1, -« wbppd, v=(Vpiq, -+s 2V,) 15 oOne-to-one and smocth
encugh for the ?acobian £ oxist. Ther the likelinscod furetion of
! can be transformed as

a(tn,v) b(tn,v)

are T SEN B P Y 1S !
f(tn,:,e) -~ = 5(t 39 E(vit ) o {19

=z data
L0 f
;7 not
1ing,

yent

Zene—~
ntial
l Op~-

fl

Lx™8)

where f(tn,v;e) iz the Jjoint probabllity density funection of T
and V, *

By

T, vi®)  L(x(t,,v)58) (AL, V)

= (22
g(t,38> g(t, 38

f(v;tn}

is the conditioral probability density function of V given Tp=tp
which does not depend on the unkrewn parameter 8 (in virtue of
the property of a sufficient statistie).

3y relying upon the multivariabte probability intepral transforma-
tion of Rosenblatt (1952), an absolutely continucus density fune-
tion f{vitn) can be uzsed Lo transform a set of random wvariables
f, «.. ,Xn into a smaller set of random variables that are idonw
tically and independently distribubed with wniform distributions
on the Interval from zereo to one.

To obtain a simple procedure for transforming a set of random va-
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3, A1 ITERATED PRCCEDURE FCR TESTING THE HOMOGENEITY

t Let X5, ... ,X, be a random sample of n observations on a random
E varlabie X witl cusmuwlative distribution Tunction F(x) and nrocba-
b ility density function £{x). The f"eneral prooiem of t{,uulr‘g the
'nnmcgenc ty of n observations consisty in testing the null hypo-
Ftheals o tihat F{x)=F(x3;81, .:. 85, for every %1, i=1{1)n, aga-

inst unspecified alternatives, Herc the 8 B4s denote the parameters

E of the hypOtU(—“"—.LZE(A cupulative distribution function Fpo. In i ae

sequel £(x387, ©.. ,85) will denote *hC hyrothesized probabllity
roblen are of interest.

t Lase 1. The hypothesis Ho is simple, that is the cwiulative dist-
| ribufion function Fg under dny 19 completely s;eﬂl‘“i ed es to its
fmetional form, such as normality, _Kponent aT ty, =te., as well

a8 to the values of the paramcters 8, involvs

- fase 2. The hypothesis Hpy is composite. Taiw ia when only the

fmcticnal form of Fo is given, and some or all of the paranstric
values are left unspecified.

The given paver deals with Cese 2, thal i1s we ssoums that under

| o only the antlonal formm of Fr‘\ iz given tc uz but one or more
t of the parameters (a=1, ... ,s) are left wnspecifisd. Tuls co-
ge is in fact of ﬂoge rolovance since situaticong arc very rare in

fractice where the cumwlative distribution function te be tested

-' 15 completely specified. Tt is well known t‘m}t the claggical Pe-
U arson chi-squared test of goodness-of~fit (WY can bo modified to
- Pit this case by properly estimating the unspecificd parameters.

But it possesses an element of arbitrariness in the cnolee of
group boundaries and one of the objections to this procedure is

that its wvalidity 1s questionable when the sample gsize n is small,

f.e., 1t does not have the desirable property of being an exact
test in the sense of giving exact probabilities of rejection when
the null hypothesis is true.

In this paper we propose an iterated procedure (free
pendent observations X4, ... Xy come from a common

stribution with a common but unspecified parameter,
other words, for testing the homogeneity of n ohbzerva
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The proposed procedure ig based on the above methad of conditio-
ning on a sufficient statistic and consists in that we consider
the test of the null hypothesis Hg of the nomogencity of n=2 in
dependent observations. We resolve this hyrotassis inte the f0l-

lowing seauence of npvted hypotheses: (?,, the hemegeneity of
the firat two obbe'r*vatlonm Ho(3), the homogenelty of the first
three obgervations: ... 3 Hp(n), the homogeneity of all n obser-

vations. Here, the test of.‘ Ho(j) is not made urless HAp(i=1) is
accepted, j=3,4, ... ,n. Then the homogeneity of the n obsem’atj—
oms Is aceepted If and conly if all of { (2> ,'LO(“"I {n) are
accepbed. Let Wo,Wa, ... "E’P denote, re.,roct VF”‘, the q tent
statistics. These fest sbatistics are so selected thet they are
wt only mubually stochastically independent but each Ws is a
function of the first j obgervations alene, (=2,3%, ... yn. This
last condition is extremely importart to ocur vprocedure because if
ip(3) 1s rejected, using Wi, j'-:n, wo Pt the testing at that
point; thus there is no neéd Yo perform Lhe tegt for the last n-j
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A
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tont to emphasize at this point that this probabllity
ificance level of this overall test even though the
tests in truncated with the test of Hg(Jj), J=<n. For
Ho(2) is rejected, we have that Hp is rejected at si-
lcvel

n
= - I {1-2.), (9)

2D J
et aiuply ac . Moreovaer, we have some ITeason as to why all n ob-

-“rua'ﬂwnr afe not homogeneous: namely, 1t seems that the firgt
' shaepvations are not homogensous. Now at this point, 1t is
cnsible that the exp erimenter would desire to for“ulate &8
HthPLl%, such ag the homogeneity of the last n-1 observa-
rs. Thig can then be tented in the manner outlined above with
replaced by n=-1i.

We (llustrate this procedure with two important applications.

4, TOMNMENEITY TESTING FCR THE POTISSON PROCESS

%, u=0, bs the Polsson proscess with probabllity mass fun-

(e WF m
o) sxsh)y = —(E‘;l‘r— 7" (p=0, x=0), (10)

T{w) represents the number of events cccurring in the in-
(0,1), ¥(2)=0 with probability 1, b is the rate parameter.

To introduce the Poisson honmogeneity testing problem, we suppose

at wr obgerve n independent random variables Xgq (g .
Yq 1) . Under the null hypothesis of homogeqeity, each Xl(ul)
Follows n distribution (10) governed by the same parameter b,
e,
(bu')xi [z
£A (K, {0 Yo, 3bY = —m e TOU i (+1)
SRR R | i .
i-

In some 'roblg s b Tqy be known, in others unknown. The uj's, ho-
waever, Aanote constante which are alwayvs glven rather than un-
wnowr. For oxampla if Z{(uy) is the number of bird strike inci-
dents incurred during ith of n intervals then u; could be the nu-
sber of aircraft movements (in terms of 10,000 movementsXpr fly-
ing hours) and b the average vird strike Jncldent rate per 10,000
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girerafs rovements (or flying hours).

fe wish to test the null hypothesis (11} against an alternative
ypothesis of non-homogeneity. By non-homogeneity we mean that,
f roughly speaking, the ¥X.(u,)'s are more "spread out" than under
the nutl hypothesis, E‘l%"l(‘ as a result of b being different for
 different 1 or else as a result of some kind of non-independence
E of events.

| in iterated procedure for testing the homogeneity of n obgervati-

oe fronm the Folsson vrocess (fer the case of unknowa b} is Lased

E on the transformaticon

'J._If (V (u\l X b) —*-—I_'I_L(Vi! J‘p )’ (,1;\}
i=2
| yhere -
ui b t.'_v.
Hxy5t505) = pyt (1-pg) 00, Omxy =y, (13)
i
> :
t = e B 44\
i 9= q
o o
Py o= M u (15
i Ve
Bere, at ith stage, the hypothesis Ho(1}, 15{2 ,n} . 1s

& accepfed 1

x;& Dxp 37 (16}

where Xy and Xy satiafy the relations

i

L
2 FOrityeeg) = 8572, (*7)
i‘_’:

X
.
end .

2 Tlystipy) > ey/2, (18)

respectively.

fote that the sample range (when the sample size n is small) is




Ao ucaful in tostine bhe goneity of n obs orvations Trom A
comuon Poisson procens (0%, o it is krown thab the conditio-
nal Aistribution of n obaservations x; From (10) subject to
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gl e Ky
n
Wy u. o, 1=1(1)rn. {203
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distribution of the range r conditional upon b,=cons-

-. st
s we gozmputed from (19) for a variety of n and nominal le-
significance a, glving values r. such that

a (=)
T, S Sy eve 5%3E 4Da, eel GDL) = Al (21)
r=r,

the sake of illustration, let us suppose that we observe two
sondent random variables Xq(uq)=6 and Xp(up)=0, where u,=uz=3
tiie range r-6. Tt POllOWQ from (19) that, for n=2 and to- %
-6 ota lenlflcan+ at the probability level equal to 0.03%425. If
oo nal level of significance a=0.05, there is evidence aga-
Fne agsuzpiion of a conmmon Poisson process. Note that the
ssult, in this csse, can bo obtailned by the iterated proce-

2% Toped on the Polsson renge supplements the ugual index
sporsion o cguation

- n ¥, (v, )-u, 827
i - 171 1 , (22}
I u; b
v T
Il
?} =2 TI’_'/E U,i (?5)
Erd L=
11
- S (), (%)
l::’] - )

whish ig approximately distributed as'Xg with n-1 degrees of fre-
canm (soce, e.z. Rac, 1952, pp. 205-6).

Tablc 1 {(=ee below) includes the bird strike data taken from
Thorpe and Wessum (13982). Using the statistic {(22) for testing
“ha nﬂmoﬂeneitv of 4 onsgrvqtions from Table 1 for the Poisson
“*ocngg (10) we obtain 4,495, From tabulations of the astatis~
ic Xy we get Pr{¥g="7. 8?) =0.05. Since our computed X2 is smaller

tnqw .81 (at tpmﬁp minal level of sipnificance a= U?OS} we oon-
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&Y = 1/ ewn(-2,/8), 2.=0, (20

- AL

B (n—i+1)(y(ﬁ\~y(;_¢§}, I-2(1)n. (30)

nethod of condifioning on a sufficient stetistic,we ha-

(31}

Iz, 38— T2, 5t )

P . 1=7 - 107
A} L—2 1 i+ 1_5
SRR t. IR RS v D=y = by, (32)
i
LR 2o 1=3(0n. (33

toe probability intesral transformabion defined by

Z
w, . R (af;ig\ = S f{ii;ti}dﬁi =1 = (1 - z-j.m/ti)l"2 ,
0

1=3(1n, (34

i it 1
i '._h.-‘7
-
- R n
: : Taw, = TIw,, (35)
i=& = i=3%
9] ]
Gy =G, i=72071)n. Hence Wz, ... ,Wp are uniformly and in-
nhiv digtributed on T0,170 rendon variables.

totne il hypotacsis HQ we can use, for example, K. Poar-
mrobekility product test

I
T o= -InTTTE, (36

2 T (n-?,0,1% random veriable, or, equivalently,

r
2P, = =21nTIW., (37)
Tiw= = l_/)- 1

o
o Yo -y random variable.
Ui (popy random ve

To 1liustrate the above procedure for executing a test of the ho-
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mgeneity Jur the exponentiality, the following date were taken

r of H. Dahl (19382 (seo Tabdble 27,

Country tirports Costo per averagoe
veorly bird strike !
—‘) !
. I
dngtria 1, Vienns 2,400
Belgium Z. Brussels 4,800 |
Jenmark 3, 12 sirpords A, 200

Federal Republic

of Germany 4. Civil airports 8,000 i
Finland 5. Helazinki~Vantaa 1,700
6. Lyon 2,350
7. Charles de Gaulle 7,400
France &, Orly 24,500
9. Marseille 3,000
1G. Nice 2,000
United Kingdon 11, Military airfields 7,000
toplying (37) we have
11
2Pg = ~21nT IW; = 15.12. (32)
i=% *

2Pq is 8X28 random variable 1ff the Y; are drawn Ifrom a common
twé-parameter exponent%al distribvution, AT the 5% level of signi-
ficance, we get from ¥X2-tables that Pr(XS, < 28.87):0.95. Sirce
the observed value 15.12 of our X3 randéi‘% variable is much gmal-
ler than 25.87, the conclusion abggt the homogeneity for the ex-
porentiality with common parameters a and 8 can he made with sul-
ficient certainty.
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